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14. M =10x4x3=2x5)x(2x)Px3=5x4x3x2=5.50,n=>5.

15. The inequality (n + 1)! — n! < n? can be rewritten as {n + 1}n) — nl < R® = nlln + 1 — 1) < ”* — nl(n) < M — n! < r”. So, we are looking for
the greatest positive integer n such that the square of n is greater than nl. Starting withn = 2, we see that 2| = 2 and 2° = 4. So,n! < n’ forn= 2.
Mext, forn=3,weseethat 3|=6and3?=9. So,n!l < p?forn = 3. Next, wetryn= 4 andget 4! =24 and 4= 16. So,n! > n*forn=4.Forn > 4,
(n—1}n—2) > n,so n! > n{n — 1)(n — 2) > n’. Therefore, the greatest positive integer value that satisfies the original inequality is 3.

16. We are locking for the greatest n such that n! has at most 6 factors of 10 = 2 x b, For example, if n =15, then 15! = 15 x 14 x - x 2 x 1, When
we consider the prime factorization of each integer being mukiplied, the integers 2 and b can be multiplied to get a factor of 10. Then the integer 10
itself counts as another. Finally, since 15 = 3 x 5, when this 5 is multiplied by, say, a 2 from, say, 4 = 27 we get ancther factor of 10. So, the greatest
power of 10 that 15! is divisible by is 10° Since there are more 2s than 5s among the factors, we will keep track of the 5s among those factors. To be
divisible by 108, then, the desired factorial must multiply 5, 10, 15, 20 and 25 (which contains two factors of B), but not 30 because that would give
us 7 factors of 10. The greatest value of n less than 30 is 29.

17. As with problem 16, we need to count the number of factors of 10 in 125! to determine the number of trailing zeros. Since there are more 2s than
5s among the factors, we will keep track of the 5s among those factors. From 5 through 125, there are 25 multiples of 5, each contributing at least cne
factor of 5. Also, 25, 50, 75, 100 and 125 each contribute another factor of 5, since they are all multiples of 25 = 5%, and 125 contributes still another
factor of b, since 125 = 5% That's a total of 256 + 5 + 1 = 31 factors of b, and thus 31 factors of 10. Therefore, 125! is divisible by 10%" but not by 1072,
and the number of trailing zeros is 31 zeros.

111-10! _11(100)—10! _ 10(11— 1) _101(10) _10i(2) _10=x9xB8x7=x6x(FK2) _ g ;
18. BI_5 ~ 6B)_5] _ B6_1) _ 5B) ~ 5 i =10 x9 x 8 x 7 x B x 2. Rewriting this expression as the
product of prime numbers yields (2 x 5) x 3% x 2° x 7 x (2 x 3) = 2, which shows that the greatest prime divisor of the original expression is 7.

19. Expanding 4! x 3! x 21 x 1, weget (4 x 3x 2 x 1) x(3 x 2 x 1) x (2 x 1) x 1. The prime factorization of this quantity is 25 x 32, A perfect square
divisor of the quantity must have either 2 or 3 or both as factors an even number of times.The number 2 can be a factor of such a divisor 0, 2 or 4 times,
and 3 can be a factor 0 or 2 times. The number of divisors of 4! x 3! x 21 x 11 that are perfect squares is 3 x 2 = 6 divisors. They are 12, 2%, 37, 2¢ = 47,
22x3?=06%and 24 x 32 =122

20. There are 25 positive integers n =< 25. There is no way for n” to be a factor of n! for a prime number since there is no other multiple of n being
multiplied in n! = nx {n — 1) x(n — 2) % --- x 2 x 1. So, we can exclude the 9 prime numbers among those 25 positive integers. That leaves us with
25 — 9 = 16 integers. We also need to exclude 4 since 4% = 16, which is not a factor of 4] = 4 x 3 x 2 x 1. It can be verified that in all other cases,
there are enough smaller factors of n present that, when muhiplied together, produce another factor of nin nl. So, the number of positive integers n
that meet the given criteria is 16 — 1 = 15 integers.



