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10 1.5 inches 03544
11 30 degrees C5A54
12 -6 1C544
13 289 people 14AD3
14 44 A0403
15 4 cents 1C
16 24/13 hours DBB54
17 15 units 01003
18 961 CAOD4
19 28 % C35D1

20 37 DA424




Answer Sheet

Number Answer Problem ID
1 87 points 22103
2 22500 DC444
3 1/2 22454
4 4 41B4D
5 —-% D0403
6 30 34A4D
7 0 integers A01D4
8 250 3DC53
9 11 20214
10 1.5 inches 03544
11 30 degrees C5A54
12 -6 1C544
13 289 people 14AD3
14 44 A0403
15 4 cents 1C
16 24/13 hours DBB54
17 15 units 01003
18 961 CAOD4
19 28 % C35D1
20 37 DA424




Solutions

(1) 87 points ID: [22103]
Set the average for her previous exams to be x. The total amount of points including the final will be 6z+2-99.
The average is 82429 — 90. Then we solve for z.

6x+2-99

5 =90-—)6$+198=720—>61:=522—>$=‘

(2) 22500  ID: [DC444]
The sum of the first 150 odd numbers can be written as 1 +3 +5+ 7+ --- + 299, or

2-1)+(4-1)+(6-1)+(8—1)+---+ (300 — 1)

Rewriting it again, this sum is equivalent to —150 + (2 + 4 + 6 + 8 + - - - + 300). Finally, we can factor out a
two from the sum, leaving us with

-150+2(1+2+4+3+4+---+150)
The sum of the first n positive integers is 1("2&, so the sum inside the parentheses is

150(151)

1+2+3+4+---+150= = 11325

Plugging this into the rest of the expression,

—150 + 2(11325) =

(3) 1/2  ID: [22454]
The width is 2 — 7 = I, so the ratio of width to length is

B | =




(4) 4 ID: [41B4D)]

Rectangle ABCD is partitioned into three right triangles as shown: AABX (smallest), ABCX (middle-
sized), and ACAD (largest), with all three similar to one another. Since the arcas of the three triangles
form an arithmetic progression, let the areas in increasing order be [AABX| = = — d,[ABCX] = z, and
([ACAD) =z + d.

We know that (x — d) + = = (v + d), 80 22 — d = = + d, and = = 2d. So, the triangles have arcas ([AABX] =
d,|[ABCX] = 2d, and [ACAD)] = 3d.

) . . [60ABX] 1 .

That means AABX and ABCX have areas in the ratio [ABCX] = 3180 corresponding sides AB and BC

must have sides in the ratio g—g = % = ?, soa=2"b=2, and ab= .

B 1 C
T

X
A D

(5) —32 ID: [D0403]
Since h(z) = f(z) + g(z), we have that h(z) = (52 — 3) + (322 + 1) = 3z% + 5z — 2. We want to find all z such
that h(z) = 0, so we set the expression 3z2 + 5z — 2 equal to 0 to get the quadratic equation 3z + 5z —2 = 0.
Factoring this quadratic, we have that

322 4+6z—x—2=0
= (Bz-1)(z+2)=0

Thus, the two x-values for which h(z) = 0 are z = § and £ = —2 and their sum is 3 + (-2) =| -2 |

(6) 30 ID: [34A4D)]
The number of marbles Jon and Jeremy have combined is 240 <+ 3 = 80. Since 50 of those are Jon's, that leaves

80 — 50 =| 30 marbles | for Jeremy.

(7) O integers ID: [A01D4]
Since the absolute value of anything is always positive, there are @ such integers & that could satisfy this
impossible inequality.




(8) 250  ID: [SDCB3)
The positive integer is equal to 35745 = (30+45) - 7+5=210+35+5 = (250 |

(9) 11 ID: [20214]
The third side will be shortest if it is one of the legs, the hypotenuse is the side of length 12, and the other leg is
the side with 5. By the Pythagorean theorem, the third side then has length V144 — 25 = /119 = V121 =

(10) 1.5 inches ID: [03544]
The border has some width w, so the entire frame must have dimensions 9 + 2w by 12 + 2w inches. Since the

area is 180 square inches, we have
(9 + 2w)(12 + 2w) = 180.

Expanding the left-hand side gives
4w? + 42w + 108 = 180,

and dividing by 2 and rearranging gives
2w? + 21w — 36 = 0.

Factoring gives
(2w — 3)(w+12) = 0.

Since w must be positive, we know that we have 2w — 3 = 0, indicating that w = inches.

(11) 30 degrees ID: [C5A54]
Since the angles of a triangle sum to 180°, we can set up an equation to solve for .

L - B
'2-+§+E-180

Multiplying both sides by 6 to get rid of the fractions,
3z + 2z + = = 1080°

6z = 1080°
z = 180°

Thus, £ represents the smallest angle, and has a measure of | 30° |

(12) -6  ID: [1C544]
Each instance where the graph of f(z) crosses the z-axis gives us a value of « for which f(z) = 0. From the
graph, we can see that this occurs at z = —7, x = —2, and £ = 3. The sum of these z-valuesis —7-2+3 =| -6

(13) 289 people ID: [14AD3|
There are 12 different months. The most people you could have such that no 25 people have the same birth
month is if 24 people shared each birth month. This gives a total of 12-24 = 12-12-2 = 144 -2 = 288. If
we add one more person, no matter what their birth month is, there will have to be 25 with the same birth
month. Thus, 288+ 1 = E is the minimum.
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4 cemts D: 1C} 7 -
Bil's botte of soda contains 37 0o and ccwts 3 comta por onnce. Therefiee, n total, WU batth comta Yo 27

= 98 ceuta
NI bortle of soda comtama ) m amd comty 28 contn pme cuce
Qc"u?-lmm.

Thm, JAI's Scssie of mxda cowta 10D - 06 = [4 conts] moore than Bills hottle of wda

hershre, (n ofal 31l a butiles vets

24/13 heurs 1ID: [DHBA4|
let a b ¢ represent how many jole Alapa. Bob, and Codty can feapectively ramplete n one Lour P the

information given, we can wake Lhrew equatinns:
o +d) =1,
M 4e) =1,
A(s 4 ¢] = |

Ileace,

n#lsl

2:
1
‘4( s :i‘

ate= -
d 4

We can solve for a, b, and ¢ individually. Dt we are interestel in what happens when Atana. [Boby, md Cody
work togethes, und their collective rate in a + 3 + . Th fined thm, we can add all three oqnatiom shwve, which

iy l B ]
l |
3 % -«"»-- o MR
a v ¢ 3 3+‘ 3
Hence,
a+bec s
- p .

In other words, when Alana, Bob, and Cudy all wurk togethar, they can conpiete ] o€ e b in ram heasr.

Therefure, completing tha job takem them T—: hours.




7oy =
17

18

(19)

18 ity ID: {01003
hhh&mwdtwo}g-ﬁxﬁmdﬂmnmlnh-wz.hr?v!sr*'-“u'.
o bag as A then e arma of B in 17 Umos e e of 4 Tha, if the Lager ropht lilangle
tunes the scva of thy soaller thasgle, 2 mat be vY « ) times o larg Than e kangth (¢ the hyy
the lacger trinnghe = (3)3) = 13 ceaa

if1 - d thea " s tewe
hee atca § - 9
3. o g of

941 ID:; [CAODJ] ‘
Feor & pooxbet n tn hewe exactly (bree positive factors, it maust be the aquare of a prins This ia bhessume hor
a=plpl  pi .t will hawe (1 2 1){eg+ 1) - (g » 1) Iactor Thive is prilmw, w thete tan onb e o atughe
priome facior in the factorisation, mmplying that n s of the em p’.

Sinee 3P = 3. we korw we sheald be Jocking for a prinae wumbee Uist's o Lit larger then 30 32 = 90l and
37 bas more than three digits. Thwa, (981 | i our answer.

20 % ID: (CAsD1]

For ench possible bundreds digit (1.2,3,. .9), there are [00 posmible thrve digit wambers that begin with that
Irindreie digit, for & total of 9 x 100 = 00 different thrre digit nuwrbery: We pow hud bow many of {eee theon
digit rmber contain the digt 3 st least anre. All 100 of the three digit numbwrs with 4 n then hundieds
pince mumt have at least one 5. Fur esch of the other wight possable . hunidreds digits, there asw }O thyee digit
rurmbrers with five m the tens place amd 9 with Ave in the ours plase but ot the \wna  Thetvtars, (hete nre
8 » 19 = 152 theee digit cumbers with at Jesat one Gve in their tene of anes plares.

Adding this total to the namber of thre digit pumbers with wven (u theit hundreda place. we have o 10tal of
100 « 192 = 32 enwrh mmbers Therefore, the pevrentage of three digit murnlecrs Lhat contain st least ane 4 i»

M- A-(2s]

37 ID: [DA424]

I we wish to maximize the sernnd langet of thesy integeva, then theve must 1o anw (imegsv larger than 4, ansl
we mot mimtmize the Bve wmallost \ntegern.

We can iet the Sve amallest Integrrs bo 1. 2.3, 4, 5 since they mus. he datinct and pastive  They hewe u sain
of 15 80 fnz, v the othey tme totegers must ardd up to 1 - |8 = T8 We newrd L\ maximins (he saalles uf | homs
twu integers (1hr scond iargest of all mrven ). s0 9= want these integers s be ae oee 0o pranibibs [ they ady far
apart, then the larguetl sumber will be pignificastly lasger, bal (he seeond jargmt munber will e shgueantly
saller With thus m tuind. the integers we seel are 37 and 0.

The sevcmd largest integer b maximnimed tn the et (1.2,9.4, 5 37,30}, and this wromd larpgest integee -[ﬁ";




