MATHCOUNTS®

2020 State Competition Solutions

Are you wondering how we could have possibly thought that a Mathlete® would be
able to answer a particular Sprint Round problem without a calculator?

Are you wondering how we could have possibly thought that a Mathlete would be
able to answer a particular Target Round problem in less 3 minutes?

Are you wondering how we could have possibly thought that a particular Team
Round problem would be solved by a team of only four Mathletes?

The following pages provide solutions to the Sprint, Target and Team Rounds of
the 2020 MATHCOUNTS® State Competition. These solutions provide creative and
concise ways of solving the problems from the competition.

There are certainly numerous other solutions that also lead to the correct answer,
some even more creative and more concise!

We encourage you to find a variety of approaches to solving these fun and
challenging MATHCOUNTS problems.

Special thanks to solutions author
Howard Ludwig
for graciously and voluntarily sharing his solutions
with the MATHCOUNTS community.
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2020 State Competition Sprint Round Solutions

The angle referred to initially as £B is more specifically ZABC after the bisection. Due to the bisection,
m«DBC = %mLABC =100/2 =50 degrees. Because the sum of the measures of the three angles of a
triangle is always 180°, we have:

180 = m«DBC + m£BCD + m«BDC = 50 + 20 + m«BDC = 70 + m«£BDC, so:
m«BDC =180 — 70 = 110 degrees.

We can divide both the numerator and the denominator by the numerator 1.2 X 102, resulting in a
48x10°
12x102

numerator of 1 (dividing any nonzero number by itself yields 1), and a denominator of

12x10%2 1
48x105 4000

4 x 10572 = 4 x 103 = 4000. Thus, we end up with the simplification

[ will use a instead of the airplane symbol and b instead of the ball symbol, making our two equations:
b+a=14;
b —a = 4. Subtracting this lower equation from the above equation yields:

2a =10,so0a = 5.

Starting at A we go 4 units right to get to B, then 2 units up to get to C, then 2 units left to get to D, then 2
units up to get to E, then 2 units left to get to F, and finally 4 units down to get back to the starting point A.
The total number of units traveledis4 +2+2+2+ 2+ 4 =16.

We want to partition the 40 ft X 72 ft play area into squares of size n ft X n ft. To avoid gaps and overlap
without cutting tiles, both 40 and 72 must be divisible by n; since we want the largest possible tiles, we
need n to be the greatest common divisor of 40 and 72, which is 8. We will need 40/8 = 5 rows each with
72/8 =9 tiles for a total tile count of 5 X 9 = 45 square tiles.

Let s and b be the distance that Rose and Robyn, respectively, ran. We are given:

s+ b =29 miand b = 2s - 4 mi, with the latter equation being equivalent to
25 — b= 4 mi. Since we want s and not b, let’s add the two equations to get:
3s = 33 mi, so that s = 11 miles.

The problem does not state whether the two folds are parallel or perpendicular to each other, nor if
parallel whether the fold is along the short or the long edge of the original paper, so we consider all
options. If the two folds are perpendicular, then each dimension of the final paper is 1/2 of the original,
making the original sheet 8 in X 10 in, with a perimeter double the sum of the two side lengths for 36 in.
If the two folds are parallel, the effect of the two folds is to make one side the paper 1/4 as along as the
original while keeping the other side unchanged, making the original sheet either 4in x 20in or
16 in X 5 in, depending on which original side the folds were made, resulting in a perimeter of 48 in or
42 in, respectively. The greatest of these three possible values is 48 inches.

In order for k! to have 7 factors of 2, we must have 8 < k < 9; in order to have 2 factors of 3, we must have
6 < k < 8. These two pairs of constraints together tell us that k =8, which is consistent with having
exactly 1 factor of each of 5 and 7.

200(200 + x) = 207% — 49 = 207% — 72 = (207 + 7)(207 — 7) = (214)200 = 200(200 + 14) so x = 14.

Let’s put the 0 point of our number line at A and put B on the positive side of A, thus at 24. C is at the
midpoint of AB, thus 12. E is at the midpoint of CB, thus i 18.D is at the midpoint of AE, thus at
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o+218 = 9.F is at the midpoint of AC, thus % = 6.G is at the midpoint of EB, thus 18+24

between F and Gis |21 — 6] = 15 units.

= 21. The distance

Let [ be the duration of a long movie and s be the duration of a short movie. The total time duration of the
movie watching was 5hours+ 15 minutes=(5x 60+ 15) minutes =315 minutes. Other given

information includes: [ 4+ 2s = 315 minutesand [ = 1.50s = ;S’ SOS = gl.

Thus, 315 min = [ +§l = %l and [ = %(315) = 3(45) = 135 minutes.

d=(1+0.10)c = 1.10¢; ¢ = (1 — 0.25)b = 0.75b;a = (1 + 0.50)b = 1.50b = %b so b= ga. We need
to determine%as a percentage. Thus,d = 1.1¢ = 1.1(0.75b) = 1.1 (0.75 Ga)) = 1.1(0.5a) = 0.55a4.

a—-d a—0.55a _ 0.45a

ThenT = = 0.45 = 0.45 x 100 % = 45 %.

a

[(A+6) — (A—6)| =12G] = 2[G|.
A=(A+F+G6) - (F+6)=11-10=1.
B+C=(A+B+C)—A=5-1=4.
D=B+C+D)—(B+C)=7—-4=3,
E+F=D+E+F)-D=11-3=8.
G=(E+F+G6) —(E+F)=13-8=5,
Therefore, the desired value is 2|5| = 10.

To get from square 4 to square 32 using only downward motions, one must pass through exactly one of
squares 18, 19 and 20. For each of those 3 options, we can determine how many ways lead from square 4
to the square in question, and then how many ways lead from the square in question to square 32; since
the ways from square 4 to the intermediate square are independent of the ways from the intermediate
square to square 32, the number of ways from square 4 through the intermediate square under
assessment to square 32 is the product of those two values. The total count of ways is the sum of those
products over the 3 intermediate squares being examined. For square 18 there is 1 way from square 4
(4..8..11..15..18) and 1 way to square 32 (18..23..27..32). For square 19 there are 3 ways from square 4
(4.8.11..15..19; 4..8..11..16..19; 4.8.12..16..19) and 3 ways to square 32 (19..23..27..32; 19..24..27..32;
19..24..28..32). For square 20 there are 2 ways from square 4 (4..8..11..16..20; 4..8..12..16..20) and 2 ways
to square 32 (20..24..27..32; 20..24..28..32). Therefore, the total number of qualifying ways from square 4
tosquare32is1 x1+3 X3+ 2 X2 =14 ways.

We have an uncut length, an uncut width, a shortened length, a shortened width, and a hypotenuse of the
right triangular cutoff representing the values 10, 2, 11, 10 and 5 [not in the same order]. Because all
values are integers, the cutoff piece sides need to be a Pythagorean triple. The only options for the
hypotenuse are 5 (3:4:5) and 10 (6:8:10). A hypotenuse of 5 does not work because there are no two sides
differing by 3 and no two sides differing by 4; 10 does workbecause 11 — 5 = 6 and 10 — 2 = 8. Therefore,

we have an 11 X 10 rectangle with a right triangular piece with legs of 6 and 8 removed, so the area of the

pentagonis 11 x 10 — % =110 — 24 = 86 unitsz
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The arithmetic mean is the sum divided by the count, so A = %. The median of 9 values in increasing

order is the fifth value. To allow the fifth value to be larger with a fixed sum of 200, let’s make the 4 smallest
values as small as allowed [nonnegative], namely 0, and the 4 largest values as small as possible, so they
should be equal to the fifth value. Thus, we have 4 values of 0 and 5 values that are equal and whose sum

is 200. Thus, each of those values must be %O =40,soM =40and M — A = 40 — 200, 360200 160

9 9 9 °

The base of the pyramid will be the 3 congruent original outer edges of the square, thus forming an
equilateral triangle with sides whose length is V2 times the length of each dotted segment, for 4v2 in. The

area enclosed by an equilateral triangle with side s is ‘/Tgsz = \1_5 (4\/7)2 = 8v3 in?

(3 +x2—3x+b)2x*+cx®+x?2—x+1) =2x7 +8x°% + x° — 4x* + 39x3 + 11x% — 10x + 7.
Substitute two values for x to be able to solve for a and b—keep the values simple. Two values that are
commonly good to use for x are 0 and 1 in such problems:

x=0: (b)(1)=7,s0b=17.

x=1: (6)(3+c)=054,soc=6.

Therefore, b + ¢ = 13.

ap = 10 = 10%; a; = 102; ay = 10% a3 = 108; ... In general, a; = 102",
Therefore, the product of a, through a,, is 102" - 102° - 102’ - ...- 102" = 102" +2*+2°+-2",
The exponentin the last expression is a geometric series with first term 2, last term 2", and common ratio
n+1 n
—— = 2"*! — 2. This makes the product to be 102"""~2 Now, 10¥ has k + 1 digits. Since

we want at least 100 digits, the exponent needs to be 1 less. Therefore, 2+l _ 2 > 99 5021 > 101. The
powers of 2 in that region are 2° = 64 and 27 = 128,son + 1 = 7. The least value that works for n is 6.

2,so the sumis

1024 = 210 = (25)? = 322 = (22)5 = 45, Thus, there are 32 perfect squares and 4 perfect fifth powers for
1 to 1024, inclusive. Of these, 2 values overlap in the two sets: 110 = 1 and 21° = 1024. (A number is both
a perfect square and a perfect fifth power if and only if it is a perfect tenth power.) Thus, we start off with
1024 integers, subtract 32 as being perfect squares and subtract 4 more as being perfect fifth powers,
leaving 988 to consider. However, in doing so, we have deleted 1 and 1024 twice, so we need to add 2, to
make sure any deleted value is deleted exactly once. Thus, there are 990 such positive integers.

We would like to be able to use all 10 digits in our number, and the leftmost digit should be a 9, if possible,
to achieve the largest qualifying 10-digit number. Let’s start with 9. The next digit needs to divide 9 or be
divisible by 9—only 3, 1 and 0 work, so try the largest, 3. Then the next digit needs to divide 3 or be
divisible by (and not already be used)—only 6, 1 and 0 work, so try the largest, 6. Then the next digit must
be 2,1 or 0, so try the largest, 2. The next digit needs to be 8, 4, 1 or 0, so try the largest, 8. The next digit
needs to be 4, 1 or, 0, so try the largest, 4. The next digit needs to be 1 or 0, so try the largest, 1. Since 1
divides anything, it will work we whatever we have left: 7, 5 or 0, so try the largest, 7. Only 0 and 5 remain,
and, of these two, 7 divides only 0, so that must come next. For the last digit, 5 will work, because 5 divides
0. We have successfully completed the largest possible qualifying number: 9,362,841,705.

[1]: x+ y=a

[2]: 3x+2y =a+ 15

[3]: 4x+5y =a+ 19

Notice how adding equations [2] and [3] yields:

[4]: 7x + 7y = 2a + 34, in which the coefficients of x and y are equal, justas in [1].
Let’s subtract 7 times equation [1] from equation [4] to yield:

[5]: 0 = —5a+34,soa=%.
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There are 5 digits to permute, so 5! = 120 total permutations, with 13,579 being the 1stand 97,531 being
the 120t in increasing order by size of number. The leftmost digit is the one used for comparison first to
decide which of two numbers is greater. Once the leftmost digit has been chosen for a given permutation,
there are 4 digits remaining to permute, for a total of 4! = 24 permutations. Thus, there are 24
permutations for each possible leftmost digit. Thus, permutations 1 through 24 start with 1, 25 through
48 start with 3, 49 through 72 start with 5, 73 through 96 start with 7, and 97 through 120 start with 9.
Since we want the 100t permutation, that means we start with 9. For each choice of digit we might choose
second, we will have 3! = 6 permutations of the remaining 3 digits. Thus, permutations 97 through 102
start with 91—this includes our desired 100th permutation. We keep iterating this process: permutations
97 and 98 start with 913, while 99 and 100 (which is what we want) start with 915. Then we want the
second of 37 and 73, so we end up with 91,573.

Note that each digit A through G occurs once in each of the 1s, the 10s, the 100s and the 1000s. That means
for each place value we willend up withA + B+ C+ D + E + F + G, even though not necessarily occurring
in that order, addition is commutative and associative. We will get 1000 of these for the leftmost column
of digits, 100 for the second column, 10 for the third, and 1 for the fourth. Thus the total sum will be:
(1000 +100+10+1)(A+B+C+D+E+F+G)=1111(A+B+C+D+E+F+G).

Now, 1111 =11 x 101, with 11 and 101 both prime, so 101 is the larger; the sum of the 7 digit values
cannot exceed 7 X 9 = 63, so this part contributes no prime factor greater than 101. Thus, the greatest
prime factor of the sum of the four numbers must be 101, regardless the value of each letter representing
some digit 0 through 9.

The figure shows the 12t triangular number of lattice points, thus By _

78. However, we must read the question very carefully. Only “the lattice
points inside the triangle” [my italic emphasis added] are to be considered,
that is, the blue and green points in the figure. This eliminates the 33 points
on the triangle (technically, the definition of a triangle includes only the "% 8 & & v,
3 sides and not the interior, though we often speak loosely of “the area of a 3 '
triangle”, when we really mean the area enclosed by a triangle). Therefore,
45 points are under consideration for selection. The triangle inequality
requires that the longest side of a triangle must have length less than half
the sum of the lengths of all 3 sides. In an equilateral triangle the sum of the distances from any one point
interior to the triangle to the 3 sides of the triangle equals the altitude of the triangle [Viviani’s theorem].
Therefore, a pointis desired if and only if for each vertex of the triangle, the point is farther from the vertex
than from the opposite side. This region of points is interior to the triangle formed with vertices at the
midpoints of the sides of the original triangle, and the qualifying points are colored green in the figure.

The probability is the number of green points divided by the number of points that are blue or green.

There are 15 points interior to the new triangle, making the probability 1—? = % [NOTE: The 4 triangles

e o o o o/ /0 o o
S o
e o o o0 \0/0 0o o o

formed by the 3 auxiliary lines are congruent, so if we were working in continuous space, the probability
of any (x, y) point being within the middle smaller equilateral triangle would be only %; however, we

cannot assume with a discrete lattice that the lattice points distribute evenly across the different
subregions, even though they might enclose the same physical area.]
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The circle being tangent to the x-axis at x = 3 means that a diameter of the circle is perpendicular to the
x-axis at x = 3, meaning that the x-component of the circle center is 3, and, when combined with the
knowledge that the circle is at or above the x-axis, the y-component is equal to the radius R of the circle.
Thus, the equation of the circle is of the form (x —3)? + (y —R)? = R?, so (x —3)? +y2 — 2Ry = 0.
Substitute a helpful (x, y) coordinate of a known point on the circle to determine the radius: we know
(3; 0) is on the circle, but that is not helpful as we need y # 0 to determine R, so use (6; 6):

0=9+36—-12R,soR = i—z = 1:5, making the circle have the equation (x — 3)% + y2 — %Sy = 0. Another
point on the circle is (p, p), so let’s substitute p for x and y in the equation and solve for p:
0=(p—-3)2+p?- %Sp =p?—6p+9+p?-— 175p =2p% — %p +9. Before applying the quadratic

formula, multiply the equation by 2 to simplify the fractions to be handled: 4p? — 27p + 18 = 0, which has

274729-288 _ 27421
8 )

solutions p = . The + yields 6, which we were already given; the - yields %.

The probability of an integer being not divisible by 3 is %, of being not divisible by 5 is % ,and of not being

divisible by 7 is g . Over a count of consecutive integers that is a multiple of the least common multiple of

3, 5 and 7, these three probabilities are independent, so the probability that an integer in such a band is
6 16

not divisible by any of 3, 5 and 7 is Zxix .
37577 35

The least common multiple of 3, 5, and 7 is the product

of the three values, so 105. Thus, out of any 105 consecutive integers, exactly;—i x 105 = 48 will fail to be

divisible by each of 3, 5, and 7. That means that in the range 1 through 19 x 105 = 1995, there are exactly
19 X 48 =912 such integers. Itemize the remaining values and cull out those divisible by 3, 5 or 7:
1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
2013 2014 2015 2016 2017 2018 2019.

There remain 11 values not shaded out, so the answer is 912 + 11 = 923 positive integers.

The only calculator you are allowed to use is the one inside your skull augmented with pencil and scratch
paper. The product has many digits (16) but its value is not that hard to determine given the values of the
factors. The hard part would be to extract the square root of a 16-digit integer, even though it is a perfect
square. This is MATHCOUNTS, so if the answer does not say what form to use, it has to be an integer, so if
we can make good, easy approximations and get close to an expected form with expected properties and

value, then the nearest integer of that form is very likely the answer. As % = 0.111 .., with the 1s repeating
forever,so 11,111,111 is close to [slightly less than] % x 108, while 100 000 011 is close to [slightly greater

than] 108, so the product is close to % x 1016, The square root must be close to % x 108 = 33,333,333. The
last 2 digits of the product come from 11 X 11 = 121, thus 21 [and an electronic calculator would be very
likely be unable to tell you that]; adding the 4 yields 25, which is compatible with the number whose
square root to be extracted having a units digit of 5. An excellent guess is 33,333,335. If you have time to
spare, you can enhance your confidence in this guess by noticing your estimate for the left factor is too
high byé , which out ofé x 108 isarelative error of only 1 partin 108. Your estimate of 108 for 100,000,011

is 11 too low for a relative error of -11 parts in 108, The relative error of a product is close to the sum of
the relative errors of the factors for small relative errors, so you are close to -10 parts in 108. Adding 4 to
a 16-digit number has a negligible effect on relative error. Finally, taking a square root cuts the relative
error in half to -5 parts in 108. Thus, you expect your answer to be very close to 5 parts in 108 too low,
which would be % X % x 108 = g, so we need to raise our estimated answer of 33,333,333§by about 1 %,

which results in our predicted 33,333,335.
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The triangle is isosceles with base of length 6 and two congruent sides of length 5, so it can be partitioned
into to congruent right triangles with the two congruent sides (length 5) being the hypotenuse of the two
right triangles and the two halves of the base (length 3) each being one leg of the two right triangles. Thus,
the two right triangles are 3:4:5 right triangles, so the height of the dartboard is the length of the second
leg, 4. By symmetry we can tell the minimum sum of the squares of the three distances will occur at the
centroid of the dartboard, so that the origin of the coordinate system should be put at the centroid of the
dartboard. (Note: It is not critical to know to put the origin of the coordinate system at the centroid, but it
avoids some completions of squares to solve that slow you down a bit.] To make solving the problem faster
we will place the x-axis parallel to and above the base of the dartboard and the y-axis passing through the
midpoint of the base. The x-component of the base vertices are -3 and +3, and of the apex is 0. The centroid
of atriangle occurs 2/3 of the way from a vertex to the midpoint of the opposite side; the distance between

3 . . . . 8 .
the apex and the midpoint of the base is 4, so 2/3 of that distance (that is, 5) needs to be above the centroid
and the remaining distance of g needs to be below the centroid. Thus, the two vertices for the base are at

(—3; — g) and (+3; — %), and the apex is at (0; + g) The sum of the squares of the distances from a point

(x; y) to each of these 3 vertices is:
2 2 2
2 4 2 4 2 8
@+32+(y+35) +@-32+(y+35) + -0+ (y-3)
=x2+6x+ 9+ Sy + Dl — 9+ Y Sy + Dl kY2 - Dy + S =32 43y +
2

2
which is to be less than 30. Thus, 3x? + 3y? < g, sox?+y?< % = (E) and

x2+y?
(2/3)?
interior of a circle of radius % centered at the origin, lying well within the dartboard. This region has area

4

2 4
i (%) = %T[. The dartboard’s area is % (6)(4) = 12, of which the circular region is the fraction ‘i—; = 2“—7

< 1, representing the

Hmm! 729 is a peculiar value to be used in a problem like this; 729 happens to be the only 3-digit integer
that is both a perfect square and a perfect cube, thus perfect sixth power: 729 = 3°. Let’s keep that in the
back of our mind. First, extend the list of values in the sequence to look for some kind of pattern:
1,2,4,5,10,11, 13, 14, 28. [The following sequences show why the excluded values do not work: 1-2-3,
2-4-6, 1-4-7, 2-5-8, 1-5-9, 10-11-12, 13-14-15, 12-14-16, 5-11-17, 10-14-18, 1-10-19, 2-11-20, 5-13-21,
4-13-22, 5-14-23, 4-14-24, 1-13-25, 2-14-26, 1-14-27.] There is a gap between 5 and 10, with 10 being
double 5, and between 14 and 28, with 28 being double 14. How about powers of 3 (remembering 729)?
Well, 10 = 32 + 1 and 28 = 33 + 1. How about 3! + 1 = 4? Sure enough, we have a gap between 2 (half of
4) and 4—just too short to stand out at first. Since powers of 3 seem to be important, let's try writing the
numbers in our sequence using base 3: 13, 23, 113, 123, 1013, 1023, 1113, 1123, 10013. The rightmost place
seems to be always 1 or 2; the other places seem to be always 0 or 1. This actually makes some sense. The
pattern for the rightmost place in a 3-term arithmetic sequence, using base 3, would be one of 0-1-2, 0-2-1,
1-2-0, 1-0-2, 2-0-1, 2-1-0, 0-0-0, 1-1-1, or 2-2-2. We started off with 1-2 so we do not allow 0 to be
generated, and if 0 is never generated we never break out of the cycle of keeping only 1s and 2s. A similar
argument holds for the other places with Os and 1s but is more complicated by carries/regroupings from
places to the right. We have not proven that this is the correct pattern (a positive integer is a term in our
sequence if and only if its base 3 representation has a 1 or 2 in the rightmost place, and a 0 or 1 in all other
places) but for the sake of time during the competition, it seems reasonably plausible, so let’s go for it. The
endpointis 729 =1 000 0003 and is not in our sequence because the rightmost place ends in 0 rather than
1 or 2. All positive integers less than 729 have 6 [or less] base 3 places. [A number like 28 can be
represented as 001 0013 (normally we do not write leading 0s but mathematically nothing forbids us to
do so) or we can use 1 0015 regard the missing 5t and 6t places from the right as blank and implicitly 0.]
Each of the 6 place values has 2 options (1 or 2 for the rightmost, and 0 or 1 for the rest) independently of
the values in the other places, so the total number of accepted values is 26 = 64.



